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 f= 3.2 Finite Difference )¢ o o
1

Method

Solving boundary value problems w
finite difference method has better stabil;

ith shooting method is vulnerable towards instability. The
to abtain a specified accuracy,

ty characteristics, but it generally needs more computation
In this approach, the differential uation
derivatives. The number of finite diffdrz::ge

is replaced with the finite difference terms of
accuracy and erder of the derivative.

lerms corresponding 1o a derivative depends on the

Also, the step size dy is also tuned by the required accuracy.
D 3,2.1 Linear finite difference method

3 The general form of a lincar second order boundary value problem is given by
¥ = plxy’ + qlx)y + rx), forx, s v g Xy

with ylfxgl = Yy and yix,) = LY

. (315)
Where, p(x), q(x) and r(x) are continuous and differentiable functions of x within the interval

Xo S x S Xy The derivatives " and y" have to be approximated by finite difference scheme.
This approximation scheme is colled difference-quotient approximation. The scheme is
described below,

1. First of all space discretization has to be done with step size i

H:Eﬂ.__xﬂ
h

Xi=xy*tihfori=0,1, ., N

.. (3.16)
2. The discretization of ¥* and y" have to be calculated at ¥, by finite difference formulas.

2
¥(x) = E:'; (W(x;41) = ¥l )] - %.‘J’”Wﬂr where x._, < n < x,

V() = 1 Wiai) = 20000 + 9l )] = S yE), where .y < < 301
3. Using the above two formulas, the discrete form of equation-3.15 is given by
;]r [eian) = 2u(x) + ylxiy)] = "%‘l (W) = lxiy)] * atedvix) + ()
- 1 [y - &)
= {1 + 5 pl)uixag) + [2+ Pate)yx) = [1 = 3 P x) = IPrtx) + O0F)

for1sisN-1 « (3.17)

This is the finite difference approximation of equation-3.15 for 1 €1 S N = 1 with truncation
error 'DIIH!L The solution at boundaries are given by w(xg) = Vg ¥(xpy) = vy -

The matrix representation of equation-3.17 is

. L -
g g

", F e ™,

i = 3 ] v

i e = " i

e S i - .
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@ where

Ay = b {3\131\\

2+ hfglvg) =1+ j;'p{.r[} 0 0 3
-1 = gp{xﬂ 2+ h::ﬂﬂ::} -1+ %;J[J:] 0
" I
O R O TS I B OV R L
; - : : ;
h
) "1 Ipliny) l
i
ik Ny [ 3
I
= & =Ir(xy) + | 1+ 5 p21) j¥vo i
ylay) (_. 2 ;
y{x:] =f=r{xa) [
y = . and b = - (319)
W¥pa2) ~r(xp-2)
ARy i
..H{TH 1}... ‘—JI'J;{.I'H-;} ! (1. - -Z'EHIH-I}JFHJ
Solution of matrix uquntinn-ﬂ.tﬂ provides the values y(xy) wlxg) . ¥lxy ). These il

along with the boundary values y(xg) and y(xy) represent the complete numerical solytie, |
of equation-3.15. Numerical solution of matrix equation-3.18 will _bt obtained by solying |
that tridiagonal linear matrix system. The matrix equation can easily be solved by Con
Elimination or Gauss-Seidel method. We do not attempt solving this matrix equation by Gy,
Seidel method, because the matrix may not satisfy diagonally dominant condition. So, thy ..
of equations can definitely be solved with Gauss Elimination method. The overall step, 4,
solving boundary value problems by finite difference method are described below. '

—_— o st e ey




@g Figure 328
ﬁ{; igen value Problems

An eigen value problem is the differential equation which satisfy the the boundary conditions
for some specific values of the unknown internal parameter present in that equation. Those specific
values are the eigen values, The solution of that equation corresponding to a eigen value, is the

eigen function, A linear eigen value problem with Dirichlet boundary conditions can be put forward
by the class of Strum-Liouville eigen value problem.

df.
E}'(Fm'&g = Q(A, 2y + R(x) with yxg) = yyand y(x)) = yy - B27)

With some simple transformations above equation can be reduced to the following linear
eigen value problem,

* Readers can consult any standard mathematical physics book. A simple compact introduction about

Strum-Liouville eigen value problems can be found at http://people.uncw edu/herman: /matd63/
ODEBook/Book /SL.pdf
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ﬂ'zy
—r p.(x}%+ A x)y + 1) with Y =yo and Yy =y, )
Here, the unknown : |
. ; parameter A, has to be tuned to satisfy the the
v(xg) = Yo and y(x,) = yy. The values of A for which the o bounda

' boundary condit; Y Cong,
called the eigen values and the corresponding solutions are lh:?;gtn f:::-::nam ﬁmﬁe:h"
ns.

Strum-Liouville eigen value problems has some properties those

hict _ The o
these class of problems. v 2 Important d:alh}“

(a) T}w eigen values are real, countable, ordered and there is a smallest ej e
eigen values can be written as 4; < 1, < .. < 4, < ... . However, Pl i;grn Valye Ty,
value and n — e, 4, — ==, N0 large, o

(b) For each eigen value A, there exists an eigen function ¢, with n-

(c) Eigen functions corresponding to different eigen values are orth

ogonal.
< ¢", '#m > 5""‘, nm=1,2, ..

We have to solve the differential equation-3.28 numerically. This is not an =
problem is that, we have to solve the differential equation satisfying both the boy e Y task Hm
for an accurate value of the unknown parameter(1). For an inaccurate value of tgecwm"
parameter, the boundary conditions couldn’t be satisfied. Let us develop a numeric

| schemg ™
on finite-difference method to solve equation-3.28, e Basey

(a) First, the derivative is taken fixed' (say &) at x = x, Thus, according to finjte dif
(O(h)). the next value of solution after the boundary value, y,. can be given by e ¢ fereng,

1 mode: (x e

equation, “nh"t
W ; - o
¥y = Yy + ah - (3.29)

Here, the value of the @ is chosen arbitrarily. Now, what value may be the ¢
a. The magnitude of a (|a|) does not affect the solution, but its sign is crucial For 4,
arbitrary magnitude of a, the solution will be obtained unnormalized. Later normalizag,
can be done. But, the sign of a governs the initial direction of the solution Sg, i sign &
not correct, the wrong answer can be obtained. The following figure will make this Poe
clear.

hosen ¢,

volalh F-

LT
Yu

yn___lnlh - ..l;.. ?‘l\"".

-;'u .t.;* b .
Figure 3.29
b ;;-;t:i_nr difference from the technique for solving boundary value problem with the shootr

method. In shooting method, this derivative actually tuned to satisfy the boundary conditiors
Here it is kept fixed,
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e n is cﬂm}flﬂdijgi?m Parﬂ“‘?'

initial directi tio
pitrary value of @, the initial direction of the solu —zont
- Fer ’_mr :f a, The other boundary ¥ = Iy, may not lie on the same hort
’1 = Pﬂfﬂfm-ﬂ"d b}'

f tuning ‘:; i pounds of A

.- , the parameter A (say A,) will be taken. | 5
| yh 8 thod, then this trial value is.in the middle of upPer -
Ib Sechﬂn [me
by user.
he solution W

e ‘aIue of
method till the other boundary

) gach

be blmned.
; di i te values of A can be © ue

ations corresponding the different accurate igenvalue (the accurate val

s the eigenfunction corresponding to t
i unction
nth order eigenf Iy o

at 4 to the property of Strum-Liouville eigenval
cording 1@ -Liouvi ; =
o | _1 nodes, Thus, to oblain a eigenfunction of particular ::::f; ::j i Pffeﬁ this

[‘;I.‘\il’l5 !

;ﬂudc counting method. Node counting method simply counts the'! - gfﬂ’erali
counts with \he number of nodes corresponding to & particular e:genfun_lchﬂ?- = s has
the lowest order eigenfunction does not has a Hode. The higher order eigen unet

odes equal to the order number. In successiV
ed by bisection method" to obtain the desired number ©
and upper bounds of A are given as AE“ and AY,. First, the range ©
PR 0.5 (A * AEM‘J- Number of nodes is counted for ;. If count is less t I
aumber of nodes then, we have to shift towards higher 4. 50 for next iteration A en :

nt is higher then the upper baund will be modified as e Ay Next iteration
again starts with 4, & 0.5(A1, + A% )or Ay = 0.5(A%, * Al). This process continues till
the number of nodes does not match with the desired value. The idea of node counting
method will be cleared from the below figure.

T

|
| L — "'i

ill be propagated by a finite-differen<e

. N

| al sol :
| (@ i:th‘-‘ solution i
ue problem.

f nodes. Let
fAis pisected as

han the required
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Figure 3.30

* Newton-Raphson method can al
so be employed. B
which ployed. But Newton-R
s li: :Iini Iilmplem calculate, Wherois, bisection method d;‘: m;PhWn methmjl needs derivative
i 5,_:“E e to implement. But, bisection method can o nI;- - a'*-“: ::}' u.‘l_envitive calculation.
- 50, a gross idea about the bounds of eigenvalue is l't'qmregp sl Ly

_——
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< of searching the value of A for ﬁngm‘i-\._\

The figure describes the proce i b hed. First, the A j Fiune:
; ; le node is being searc . iNterya) . e
Here, the eigenfunction by ined by any fin ite-difference method. A 5 mbiv;u. o

i is obta ? ‘
t A,, and the solution for 4, is © : : : ‘h
?wﬂlh:pﬂmetica] situations (n; and &) 15 thought to be happened. The cage , One

Wi,
number of nodes and &, with four number of nodes. Next, the lower and upp,, | ",

! i _ After, ith iteration, let the sity pﬂ b“urﬂ:"'.
adjusted according to the scheme said above O it hexsi Ationg o U5,
with the cases a; and b; respectively. Le_t after pli"'l a qtd i i:la u:;ns, the solutiog h&""m_‘
with single node. Here the node counting aiggﬂﬂlhm‘ enas. e, ound out h, iy ;uﬁ

for which the solution has single node. But still ‘Ihﬂ eigenfunction dm' not obty; 2o "
the second search for exact A will starts for which the boundary condition ¥ix,) - '}h,,
exactly satisfied by the solution. o | Ny,
(¢) Node counting method shrinks the overall JL reg_lme into a small zone within .
required nwmber of nodes of the solution is satisfied. Now from here, the p,, ' &
boundary condition starts. Since, around the boundary, the valu.e:-‘- of solutign M—‘"H
be almost same. Thus, we have to tune A such that ¥y _; = ¥y This tuning of Ak :]} -
done by bisection method. The following figure describes this process. 1Y
u b
. ,_/f-_‘\ \x_\ ' ] |
v v '
aem)

e = - o
. .

gy

i

ﬂptmz f'____“
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Figure 3.31
(f) Since, we have started with an arbitrary value of derivative (a), the eigenfunction obs:
in this process is not normalized. Before we proceed further, we have to clear this poing
eigenvalue problem provides the eigenfunction with a undetermined pre-factor. It nm; '
eigenfunction is of the form ' l
y(x) = Ad(x) .- (3.30) '
Where, the constant A is not still been calculated, This can be determined with a completel
separate condition. This is called the normalization condition. One co Fization
i - . mm
condition is R r

- 2
f__ I (x)dx = 1 . (3.31)

Irrespective of the choice of a, this norma lization conditi ' )
\ : ' ndition puts the eigenfunction in i
::l;m; scaling, Stilll if some doubt is there, then the following example wiﬁ certainly clearit |
« lor some arbitrary choice of ¢, , ' v i - , |
o ry Mr. X obtained the solution of the following boundan '
d? '
= =AYy with y(0) = 0, y2n) = 0

]
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f"fr as D e

1
..L ‘) = C n
A ™ 4 Yul¥) = 10 Bl[‘t(-g-)

) H Bf 5 i m
for other cl':alﬂ a, Mr. Y obtained he solution as

A, = 5:'— ¥.(x) = 100 ain[-'flf]

"‘1*21'3 .

BRLLY

I
[1 o EI'FIII}] H{Iﬂ‘l] = (2% hzﬂ'[;'l.- I,)l}‘(.‘lr} - [1 + ;'Fl:xi]']!'[-‘,q] + }:‘?rfr‘]

. b L forlcicsN=-=1
= Y(rg) = Fylx) + J ) + i

Where 2 = [2 + I, x)], b = -{1 + gp{-‘rﬂ]. ¢ = IPr{x) and d = [1 - f‘i pm] W (332)

Determination of propagator of eigenvalue equation-3.28 according to central difference
method (equation-3,32), can be calculated by the following steps.

0 3311 - procedure propCatDiff
Define ‘the mathematical functions plx), q(a, x), r(x)
Get the values x5, yo, Xun Une ¥

Get the value of )i

[_Erlnﬂ. y PR AR}

.- e
| EAY e s &
JAlgorith,

@ (2 + (4, x))

T h
bl )
e = r(x)

e 1= S pe)]

A by o b £
& GVt Gl t g

L B 4
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f eige ented in the following algorithm, '““-]3

The determination ©
in steps (d) and e grens

, "'-fa.ii'—-'n]f"h’v - Soly
{Huﬁne procedure propCatD! ical functions p(x), g(a
Define the procedure for mathematic P(x), q(a, x), r{x)
| Get the values Xy Yo A0 Yo 1
" Get the value of h, A A
' Qet the value of n, &
for'i = 0, 1,2, »u N
x; « %y +ih
k0D
while (4,
A 2 (g + )
Y, & propCntDiff ( ) for i =0, 1, 2, ..., N
c 4«0
for i =1,2 .., N-2
if YYM <0
c o=+ 1
if¢e >n
af"‘l‘# e 'H'
else if r <
A, — A
else
if Yh'q > Yy
A - A
else if YN-I < yN
H.m — 2
fit=t 41
if ¢ < £
Hx “d Y are obtained

Apnl > 107% and k < kmr

i

Two p vthon functions

above twe algorithms, d Cl‘llDifrEigVal{ ) are developed acconds

. o
yYthon functions are kept in the script Cot D"



hé#'?jl’rﬂ:i:gﬂtﬂiﬁipr, P G T X, ¥ dx):

S e

del ¥ nts:

ihias ﬁr-#if:;- User defined function with parameter 'Ib’,
—=> User defined function

¢ ==> User defined function

==> X-array

_=> y-array of the propagator at previous iteration
—=> increment along x-axis

in the form P(iB X

q

—=> y-array of the propagator at current iteration

w
S 5
8

= lﬂﬂl;x}
vy = [yli] for i in range(N)|
for i in range(2, N):
a = 2 + dxe*2 = q(pr, x[i~1])
b = =(1+ dx/2 * p(xfi-1]))
¢ = dxes2 + r(xfi-1])
d = 1= dx/2 « p(x[i-1])
yyli] = a/d * yy[i-1] + b/d » yy[i-2] + c/d

T ot % R o e oW O
R e

|
|
1_
i
I
|
|
|

return YY

rmination of eigenvalue and eigenfunction
x0, y0, xN, yN, yl, dx, nodes, mxitz):

|
|
|
|

E# Dete
def CntDif!EigVal{prMn, prMx, p, q, T,

# Arguments:
4 prMn, prMx ==> lower and upper bounds of eigenvalue

p ==> User defined function with parameter 'Ib’, in the form p(lb, x)
q ==> User defined function

r ==> User defined function

x0, y0 ==2> left boundary condition

xN, yN ==> right boundary condition

yl ==> estimate of solution at the next point after left boundary

dx ==> increment along x-axis

nodes ==> Number of nodes of the eigenvalue

mxltr ==> Number maximum allowed iterations

a'
i
.f

R R R R R R oR o

# Returns:
. # pr==> cigenvalue
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% x —=> x-array of solution \

* > y-array of solution

e i

ﬁ:mt( (xN - x0)/ dx )

dx = fJCN - KGJ:"N
x = [xﬂ+itd1 for 1 in range(N+1)]

y = {E' for 1 in IEIH.EE{N-!—I)]
ylo), ¥l1), ¥(N]l = y& yL yN
itr = 0
while abs(prMx - prMn) > le—6 and itr < mxItr:
pr = 0.5#(prMn + prMx)
yy = propCntDiff(pr, p, q, t, X, ¥, dx)
ent = 0
for i in range(l, N-2):
if yylij*»yyli+1] < 0
ent +=1
if ent > nodes:
prMx = pr
elif cnt < nodes:
prMn = pr
else:
if yy[N-1] > yN:
prtMn = pr
elif yy[N-1] < yN:
PTMI = pr
I itr += 1
if itr < mxltr:
return pr, x, yy
else:
. Teturn None, None, None

Several applicatio
ol ns of the Python functi i M
solving eigen value problems are |j sted be:g::j propCntDiffl ) and Cnt

(@) First prob
em is to determij . . !
//:q {on, ermine first two cigen values and eigen functions o ¥

h"- L
S
: =34y 2
dx X oy ;ﬁ‘ with y(1) = 0, y(2) = 0

The lower and
UPper bounds of the eigen values is taken as 20, 90}
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e e e e

e

' 3 :
s import *
from ® 1 iplotlib.pyplot as pit
FlﬂP”I‘GﬂniffEi'gvﬂ import CntDiffEigVal
R
et P2
O eturn =3/x
o qliby X'
F ! rﬂturn -—Ihlfxﬂ'l
§ :
el 1
ol nehtst
PR, 'k--'] # array line styles
!.'-_-‘ﬂn — 0,001 # increment along x-axis
I&“ _ 100 # maximum allowed iterations
r:f‘l'hMp, 1pMx = 20, 90 # lower and upper bounds of eigenvalue

40, ¥0 <N, yN = 1,0, 2, 0 # boundary conditions
':ﬂ' nodes in range(2):
: gl = yo + (~1)*snodes » le-4 # point after left boundary .
' b, x, y = CntDiffBigVal(lbMn, 1bMx, B, 4. T, x0, y0, xN, yN, ¥&
| dx, nodes, mxltr)
i "I-Pint(xl' ¥ ﬂmlnﬂd’l!h '
. 3 label = r'Bigenfunction for $\lambda$ = %.3( Felb)

plt.xlabel("x’)

plt.ylabel("y’)
.Fh.hgun_d{lnc#'but'. prop={'size":12})
Erl ahow(),
The eigen values and eigen functions those are determined from the above code are
illustrated below.

0,015 AN
V' .
: ™
0010 N
B
._/& 0.005-1 N Ry
= . "
‘P Yy
0000 - x B
= P
e = Eigen function for A = 21572
R - Eigen function for A = 83 288

P

10 12 14 . 16 1B 20
Figure 3.32
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u‘l{_;,z Numerov method

Figure 333

Generally, Numeroy method is emploved’ for the linear vigen value problem given by the

following equation.
£
E; =g, ¥) + r(x) . A

Numerov method dMEﬂm the differential equation with higher accuracy. The (N + 1) poimt
gpam'ﬁ-iﬂr“ﬁza“ﬁ“ is given by x for 0sis N Similarly, the discretized solution is y, for
0 <i< N Where x; = x, + i, with h as the increment along x-axis.
The Taylor series expansion of continuous function y(x) about a peint X0

yix; + h) = y(x;) + hy'(x) + E!-y' (x) + Y (x) + T y‘"u.‘l ‘i v i) O™
Thus, the following relations can be written,

= + h'{x) + E + L y B W =
y(xiep) = ¥lx) vix,) 7 ¥ix) kTl (x) + o1l x) + Y (x,) » O(h")
= = h i + ,[2 h} ﬁ' h" *' ‘I..r - <

Yxia) = Y% = W)+ ) = F970) ¢ 50 - 55 i) « ook

The addition of the above two equations produces
h-‘

W(xiy) = 2u(x) * ulx,,y) = I'ZFT AT e ! 3™

The fourth order derivative can be simplified as follows.
p
2 2
s d* (d £

i) = F(ﬁ],.., =3 (A DY) + ), from equation3 3)
() = g2, Zis))¥(¥in) = 204, 2)u(x) * QA 2 Dulx ) * rley) = 2e0a) ¢ e ) v OO
Replacing this in equation-3.34 one can simplify

e

" Numerical ealeulation of cigen values and eigen functions of equation.) 25 by Nuseroy
 much complicated.
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V(%ie)) = 20 + ylxig) = WA ) * ]+ 33 A, v o

= 2q(A, 2ulx) = 2r(x) + @A, X vl ) + r{:ll;; ‘..::,
=1 +

H{v‘fm}[l ) :’—:qiﬂ--ﬂ.l}] - 2_'9‘!1;}[1 + %".;iq{.l.xm}] + _v{.‘r'r-tl'[l —1’1_;.“1 . }Tﬁ
. 4

= 15 (Haies) + 10r(x) + rlxiy)) + OO

a b c . .
W) = Sulviy) + Syl * with transformation i « ; _

1
Where a = 2[1 +£:?z—:q[l.:i_1]]. b= '[1 - ’;";"“‘LII‘-I]]
e= g [ri;ri} + 1W0r(x; ) + r{xf,,zj) and d = (l = %‘I[A-Jf}] - (3.35)

This is the formulation of solving a eigenvalue equation by Numeroy Methog
method holds accuracy O(h®) which is even better than fourth order Ry Ny,

The propagator of a eigenvalue equation according to Numerov method ,:,T ::""_hq
executing the following steps. ok,

Eeﬁéﬁh& the mathematical functions p(x), (A, x)
| Get the values xy, yo Xy ¥ n

' Get the value of )

Eford =0, 1, 2, iu;-N

!- . 'Ii'l'- .‘l"ﬂ + ih

Pfori = 2, 3, ., N-1

fid

i bl - g, )
;

T 2[1 + %q[i,.ﬂ_l}]

C e #;— [r(x)) + 10r(x;_q) + r(x;,))

L "

e d & [1- 50, x)]
CRele n b ¢
Ve qYat gYia t g
The rest part, i.e, node counting and satisfying boundary conditions according to b,
method, remains same as that of the algorithm-3.3,1.2. Combining the algurilhnuﬁl”"‘:
3.3.2.1, the Python functions propNumerov( ) and numerovEigVal( ) could be d

\

o sy,
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Numerical Solution of Baundﬂf ELEEE'E- e

atm‘ with Humﬂuv method
mpﬁumem?(Pf q L % 5 'ix}
nts: #

-: # A;ﬂ:j} User defined function with parameter 19", in the form p(15, )
b . g ==> User defined function

r ==> User defined function

x :==;|‘ x-array

y ==> y-array of the propagator at previous iteration
dx ==> increment along x-axis

#
%
#
W
#
#
i

# Returns:
f # yy ==> yamay of the propagater at current iteration

¢ H = len(x)
b = [yli] for i in range(N)]
fﬂ: iin I'I-ﬂEE{E H}
d = 1 - dxs=2/12 » g(pr, x[il)
a = 2+(1 + Bedxve2/12+ qfpr, x[i-1]))
b = ~(1 = dxes2/12+ g(pr, x[i-2]))
¢ = dxee2/12s( r(x[i]) + 10ez(x[i-1]) + r(x[i-2]) )

yy[i] = a/d » yyli-1] + b/d » yy[i-2] + ¢/d
returt YY
def numerovEigVal(prMn, prMz, q, r, x0, y0, zN, yN, y1, dxz, nodes, mxltz):
# Arguments:
prMn, prMx ==> lower and upper bounds of eigenvalue
p ==> User defined function with parameter ‘Ib’, in the form p(lb, x)
q ==> User defined function
r ==> User defined function
%0, v0 ==> left boundary condition
xN, yN ==> right boundary condition
yl ==> estimate of solution at the next point after left boundary
dx ==> increment along x-axis
nodes ==> Number of nodes of the eigenvalue
mxltr ==> Number maximum allowed iterations

!
|

;
E
i
.
[
I
!_
|
i
|
I

FTEEETREERERTR R R

B # Returns:
L# pr ==3> eigenvalue

Phisics In Laboratory (Python) (SEM-IV & V)-9



# Y —=> y-arrdy of solution

ﬁ=:t{ {xN--xﬂ};'dx}

dx = (xN - x0)/N

x lxﬂ+itdx for 11D range{NH)]

y = 0 for i in range(N-i-l)l

glo], vl yIN) = yo, y1, N

itr = 0 |

:‘nile abs(prMx ~ prMn) > 1e-6 and itr < e

or = 0.5+(prMp + prMx)
yy = prvﬁ‘.up?v'lumer:-:r*-.tr[p:r q,

ent = 0
for i in range(l, N-2):
if yylijsyyli+1] < 0:
ent += 1
if ent > nodes:
prMx = Ppr
elif ent < nodes:
ptMn = pr
else:
if yy[N=1] > yN:
p[Mn = pr
elif yy[N-1] < yN:
prMx = pr
itr += 1
if itr < mxltr:
return pr, x, ¥y
else:
return None, None, None

S P T dx}

ation

ﬂ understand the use of Python function numerovEigVal( ) , let us find the first 28

values D%q.f“frusrmndlnﬂ eigen functions of the following eigen value equ
BN 2
,f‘"ﬁ) prC A ~Ay  with y(0) =0, y@r)=0

&
o




r

Nume_rl_t_aj_Su__h:j@ of Boundary Value Problems 1_:!] -
.- miven below. Here the bound of

ﬁrﬂ.

T e i T L

- R T e o e F iy
(RS -ﬁ_ﬁ“mﬂﬁﬁ}g\rﬂﬁim.py
tﬂ,m math import *
k

o o matplotlib.pyplot as plt

are taken as [0.2, 30].

]

.ﬁﬂm pumerovEigVal import numerovEigVal

def a(lb, x):
return -1b

def 1(¥):
retur 0
gtln = [k’ k=", R, k] # list of line styles
dx = 0.001 # increment along x-axis
‘mxltr = 100 # maximum number of allowed iteration

lthn* I1bMx = ﬂ:ﬂ, 30 # bound of lambda
%0, y0, xN, yN = 0, 0, 24pi, 0

'for nodes in range(4):

.yl = (-1)**nodesxle-4

. Ib, x, y = numerovBigVal(IbMn, IbMx, q, r, x0, y0, xN, yN, y1,
dx, nodes, mxItr)

: plelnt(x. y, stin[nodes|,

label = r’Higenfunction for $\lambda = % 3f$’ %lb)

BTy = T T

 plt.xlabel('x")
~ plt.ylabel('y")
plt.legend(loc="best’, prop={'size’:12})
[platow().
First [our eigen values and eigen functions those are plotted by the above code is illustrated
below:.
. " Eigen function for A = 0.250
0.15 - «« Eigen function for A = 1.000
o Eigen function for 4 = 2,251
0.10+ “=~ Elgen '“N"‘t_"j‘ff:_r.l - 4.000
™ DUS' f_.r"'l'
.'J I
(.00 + It ,.r
%, P '\ -.." ',. Py .
=[),0% 4 '..-.L, . .?."-... ’:,-I ig
0,10+
0 1 2 3 4 5 6

Figure 334 *
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t Schrodinger Equation

3.4 Time independent S€
'—. —_— in Physics is the time indﬂp‘m.

: " blem

Prababily, the most stugicd ciggen value pro L ot ,
equation ‘I_'I'I}..;'s!i}- Vere, we will solve Schrodinger equation ahe TRy, Th"' time e
1ss mr and energy E kept n potential V(x) js o, Pe

Schrilinger equation for a particle of mi

v Rl
WY, el = EVE)

. ﬁ ¥
e 2n
LY . 22 v - B )

iy
where 2oh is the
— (Fas x — £=2, 0

Plank’s constant. ~ [338)
reasonable boundary condition o impose 5

« (337
at x & @ are not really that resonmable when we ap o

some finite boundary conditions 4, '
-1 S x < a, with a is chosen 4 ":5':':
Gchy |

"

In cases where V(x)
pix) = Dasx - & =

Theugh, the boundary conditions
solve the system numerically. We have to approximate son
Vix) Is contered ol orlgin, we will chooase the finite domain

hat y(za) = 0.

Vita) Is sufficiently large to ensure t
Thus, the finlte boundary conditions to be satisfied are
w(=a) ~ 0, (@) =~0 - (338)
truncated to finite boundary condisis,

the infinite boundary conditions are
|

In this way,
| instability in solving the TISE.

This process creates numMerica

e Instability in shooting method to solve TISE

Exact renson of instability during the solution of TISE by finite difference shooting \
still under active reasearcl, We can argue about some difficulties created in solving TEE: i
ed

finite difference shooting method,
When, the theoretical boundary condition
the following boundary conditions
wirg) = wg and ylxy) = ¥y '
| ¢ initial condition y(xe) = ¥ and y(xg + h) = v, (v, is taken _,,b“"nhh;
cigenvalue E has to be tuned to match the boundary condition y(ry) = vy So the r-.;.;
ol

difference caleulation has the sharp bound x, € ¥ S ¥, Tuning E by bisection shooting met |
is quite successful for these kind of problems. But when boundary conditions are infinis ™

(=) = 0 and y(=) = 0
then problem starts, Numerically, we have to terminate the bound '
satisfying the boundary conditions sl

W=n) = 0 and y(a) = 0
Ihe selection of termination points [~a, a] is completely arbitrary. We, can choose 3 st
wide boundary. But, boundary conditions are only be satsfied if the r.-ig-.-;w.tlm- is determm
“:-T:;;vf" percent accuracy. Cﬂltl.‘ulntlnn of eigenvalue with highly precise algorithm, doo &
51 - bi;t cent pereent accurate cigenvalue. Thus, the solution near right end Ixoundary sv=
ability which can be demonstrated by the following ligure.

is finite, then there is no problem. Let “‘W.—E

Starting with th




F

.

EF

;—__-_—

0 5.4.1 Nu

+ Solving TISE by central-difference shooting method

133
ms =
Numerical Solution Ef Bg_q_m_lary_vmue F’_mbie ns

— A J
’/’f wale) £-Ep* g0t |
-'/ l‘llr
E:_E: 7 4
.--""#F'_\ '_,.- ot o t
AL =
E= [2 - ﬂ-[ﬂn\
\
\
Figure 3.35 o 001 R

ation of the above curve reveals that shooting method i poundary = here.
relatively accurate results ultil we approach the fil:}h‘ end ; u fr om x-axis!
lutions tends to grow almost ex tially in magnitude aw®) dary. There
d has this limitation, = solution is unstable near right E“,"t_ et

cal methods those which can handle this instabilit
are = hooting method. One of such succesful algorithm is
not the o to the limitation of the size of this volume, we do
51"“0*;.:1& will continue using shooting method to salve TISE,

ere: '
merical solution of TISE by finite-difference shooling method

pendent Schrodinger equation-3.36 belongs to the the class of Etrum-Liu}lviI;fzglli‘::
coblem. Here, the default choice of the mathematical functions of equation=2-

:;Iui:ignﬁ.ﬁﬁ are as follows

wix) & ¥ plx) & 0, (A, x) «
the numerical scheme for determining the eigenvalu
TiSE remains SAmMe a3 that for equation-3 28, As in equation-3.28,
functions of TISE aré also determined by two finite difference methods, viz. ce

and Numeroy methods,

catﬁfu! : £ leads to
I hooting 50
Ehg.ﬂfil'lg metho :

eral other numert

%;l [V(x) = E] and r{x) « 0 .. (339
es and eigen functions for

the eigen values and eigen

1 (e
ntral-difference

applying finitedifference shooting method, as discussed in section-3.3, we can solve TISE.

replacing p(x)) = 0. r(x) = 0. 4(A. x) = 2;?' (V(x) - Elfori=1,2, ... N =1, the

from equation-3.32,
g to central difference method, can be written as follows

discretized TISE accordin
mx’ v . |
W) = 2| a1V = €141 W) - Wi) fori = 1,3, . N =2

m&x?
=V Z{T[V{le]'-f"h 1} W(¥y) = W(xy) fori=23 . N=1

ferrs o with W(xg) = Wy, wixy) = vy and i) = wy v (340)
. ¥y Is determined from the arbitrary local slope o as y, = 1% INCTemen
¥, * ah. Where |
:'l::: x-axis, Sirru:e @ is arbitrary, ¥, is arbitrarily. Let us c:'m.'dd:'r V=Wt ;;1]:*' For tha:
{wllﬁirtlx;}. i=1,,,N=1] will be calculated with an arbitrary scaling. Ifatt'h normalizing
i o e N =1}, the eigen function can be represented in the standard scaling. i




Python function Psi(

excepta s
to be supp
{aken as the

Introducing thi

- mal—wrEp—=

e — -
% i
- # ¥ .

i a o a - g
134 Phﬁ":s . 5 iormulntiﬂn, the staright furwa:d numerical ‘-ifhe,,*h'
: he abov® res.entcd with the followi :

FEE 3

) calculates the propagator of TISE acn::ording to above algorit X
ermining of ei avalue and eigenluncl'mn remains same as *?‘a‘ of algon.
o mﬁrfhange.ﬁrﬁwinusly, the upper and lower bound of the internal Bonds
lied by the user. Here the upper and lower bouunds of the enesgy "'F-:
maximum and minimum value of the potential within the range u;_;‘

s algorithm-3.3.1.2, the Python function cuDs,

¢ change in the previou :
genvaalue and eigenfunction of TISE.

2 ~

is developed to €i

psi(mhdx2, psi, Vi, E):
# Arguments:

mhdx2 ==> parameter, medxss2/hbar»»2

psi ==> amay of discrete initial wave function
vi ==> array of discrete potential
E ==> energy of particle
Returns:
psiB ==> array of discrete final wavefunction

T TS

N = len(psi)

psif = [paifi] for i in range(N))
for i in range(2, N):
paiBfi] = 2+ ( mhdx2e(Vili]-E) + 1)epsiBli-1] - psiBli-?

_return psiE

e H

4
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Numerical Solution of Bnuildfﬂﬂ'fﬂ

_,..f"'"_'_._"'_-_'—_-_-
P e _ﬁm“‘ﬂ;cm(mhdﬂ, Vi, psi0, psil, psiN, nodes, mxItr):
.ﬂ#f-# s gumﬂ.““:
- mhdx2 ==2 parameter, m*dx**2/hbar**2
. _#' Vi ==> discrete potential
' i psi0 —=> left end boundary value of wavefunction o0
.# Fﬁil —=—> next after near end boundary value Df_Wav <
4 psiN —=> right end boundary value of wavefunction
# podes ==7 Number of nodes
# mxItr —=>% maximum number of allowed jterations
¥
# Returns:
L E —=> energy eigen value
b psi W ==» anmay of discrete wavefunction
N = len(Vi)-1
Emx = max(Vi) 7# upper bound of Energy eigenvalue
gmn = min(Vi) # lower bound of Energy eigenvalue
iqn = [0 for 1 in range(N+1)]

P,up,[u], psiln(1], psiln(N] = psi0, psil, psill #

':.tr - ﬂ
while abs(Emx-Ema) > le-6 and itr < muxltr:

E = 0.5+(Bmx+Emn) # trial emergy value

psi = Psi(mhdx2, psiln, Vi, E) # Get wavefunction

# Node counting method
ent = 0
for i in range(l, N-2):
if psifi] * psifi+1] < O:
ent += 1

if ent > nodes:
Emx = E
alif ent < modes:
Emn = E
elee:
if psi[N-1] > peil:
Emn = E
elif psi|N-1] < psiN:
Emx = E
ftr 4= 1
. if itr < mxite:
l return B, pei
elye:
~return None, ‘None

M‘-"‘:-:&n‘;



g _the eigenfunction of 5chr.v_-,,
; 15&,@ this eigen function j,, _ uﬁ s,

usmg the relation-3.3]1. Ty,
alﬂ‘-'d . mathematical steps. m"“-‘z.’:q_:

- (3.41)

the normalized wavefunction. Since o,

! mkfprdiﬁﬂﬂﬂh‘“mm wﬂlheusedhfm
L

Equﬂhﬂﬂ"’ 541 i
& ve function, SO Simpso

f Hamalmhﬂll

N/ from simp13Xdis import simp13Xdis

£
£
# Heturns
#

mpd ==> pormalized eigenstates

=

| = len(psi)
: : pﬁz [psifij#+2 for | in range(N)]
5,-, ]:Iﬂ.lud? = simpl3Xdis(dx, psi2)
ermPsi = [ paifi]/psiMod2++0.6 for i in range(N)]
| e
(3) It is interesting as well as hecessary to visualize, how central-difference i"""““-#
converges lowards the exact eigenvalue and eigenfunction. For this M
seperate Python code is provided below. The propagator is determined accord

Please consult authors’ previous book, Physics in Laboratory for Sem-I1l.

L




r ;
Figure 3.41
e problem is to solve the radial wave function of Hydrogen atom, —
ation for a cle in central potential ¥(r) is given by the nels. 3“11:-_
u partl pPo olons ?___% |
__%ifﬂi__ - Vv
- - h"r ,'-'12 {E (!))_ =2 s

g The central potent:al fnr Hydrogen atom is the Coulomb potenzal

m.r
Equation-3.47 contains both the functions p() and 4() of the Srumli e

equation-3.28. Since the Python function ‘otDifiSchr( } do not contim & —

it can not be used here. Here we have to use the general Pythen funcson cw

for solving eigen value equation-328. The Python function is as follows. Te
explanatury]

-

fmm mth mpc:t *
import matplotlib.pyplot as plt
from CntDiffEigVal import CntDifiEigVal
from SchrNerm import psiNorm
.hbar, m = 0.1, 1 # constants
_a2 0.2 # constant
~mh2 = 2+m/bbars«2
r"# potential
| “def V(e2, 1):
u return -e2/r

 # function p() in Srtum-Liouville eigenvalue equation
def P(r):
g_ return =2/r

s
= ""IJ._{_.I 'J

il T e L g




i #j."fﬁi{cft_inn a() in Srtum-
pire )
| def Q(E, T):

REEretucn M2 B~ Vi, 7 3
;1 #'fun::tintl r() in Srtum.-
dgf H{r]:
! return 0
stin = [k kY ke, vk
'dr = 0.01 # increment
mxltr =
. 4 boundary conditions

in radial direction

Humerital Snlutiun of Bounp
e

Liouville eigenvalye

100 # maximum allowed iterationy

—_—

egquation

Liouville Bigenvalye equation

T # array fine styles

; 10, psi0, rN, psiN = 1e-g, g, [0.7, 1.2, 22, 32}, 0

- first four eigenfunctions
| for nodes in range(4):

d_i_fj!alue Pro

blems

151

Emn, Emx = V(e2, 10), V{e2, tN[nodes])

— e e r—

— e ———

geitbov)

psil =
E, 1, psi =

Psi0 + (-1)ssnodes & 1e-q

psi = psiNorm(psi, dr) # normalization
rPsi = | r[i]*psifi] for i in range(len(r)) |
plt.plot(r, rPsi, stlunodes],

CatDiffEigVal(Bmn, Bmx, P, Q, R, 10, psi0, rN[nodes),
PsiN, psil, dr, nodes, mxitr)
if B = None: # if solution is obtained

label = r'$r\psi_%d(r)$ for $E %dS = %.31' %

(nodes+1,nodes+1,E))
plt.xlabel(’r')
plt.legend(loc="best’, prop={"size":12})

The plots of modified eigen functions ry(r) for different energy eigen values are shown

below.

0.3 4

— ryylr) for E; = - 1,980
o rpylr) for Ey = = 0499

#eylr) bor Ey = - 0202
' = = riglr) foe £, = - 0125

= 10 15 20 25 30

r
Figure 3.42




Potential V(r) is given by

2
0 - 2 ) - - B4

Which is same as that of equation-3.36, except the coordinate of representation ¢

problem here is spherical polar. Thus, we can use the Python function cntDiffSd
solve this problem mi:merically. A simple central potential

Vi =-Se 45
is taken for investigation. In Present case, the constants of the above case are "mf;
75, h =01, m = 1. The ranges in radia] direction are considered as [10%, 7] and [V "
for determination the first two eigen functions. Obviously, the left boundary ‘ﬁf*;;:
taken as zero as potential diverges at that poi ndition

: pomnt. The left boundary conditic

¥(0.0001) = 0. We will calculate first two eigen values and eigen functions. The fgt
conditions for these eigen functions are taken as
¥o(7.0) = 0, ¥i(16.1) = 0

A




Numerical Solution of Boundary Value Problems Ll{‘_i

_ The python code is given below
M:\.-pqr

@ﬁaﬁﬁim’iﬁ fSchrCntPot01.py
b entDiffSchr import entDiffSchr
rﬁﬂm SchrNorm import psiNorm
. jmport matplotlib.pyplot as plt
from math import exp
def V(e2, 7
i a = 7.5 # constant
return —e2/rxexp(-r/a)

4 User defined parameters

hhul m = ﬂ.]‘., 1
,IS-H-U. RN = 0.0001, [7.0, 16.1] # left and two right boundaries

d; = 0.005

 mxltr = 100 # maximum number of iterations

i_p,m, psiN = 0, 0 # Psi(x_0), Psi(x_N)

g2 = 0.01

stin = [k ke ke ]

for nodes In range(2):

" N = int( (RN[nodes| - RO)/dr )

dr = (RN|[nodes] - RO)/N

' mhdr2 = m#dre«2/hbarss2

j r = [ RO + iwdr for i in range(N+1)] # discretization of space
Vi = [ V(e2, rfi]) for i in range(N+1) | # discretization of potential

psil = (~1)s+nodessle-4
B, psi = catDiffSchr(mhdr2, Vi, psi0, psil, psiN, nodes, mxItr)

if E != None:

|

b, . |

| psi = psiNorm(psi, dr)

## Plotting

i plt.plot(r, psi, stin[nodes] Jabel=r'B= %.5f $\psi_%d(r)$" %(E, nodes))
E’ﬁlt;yiim{—o.a. 0.8)

‘plt.plot(r, Vi, 'b’, label="Potential’
ﬁm = [0 for i in range(N+1)]
 plt.plot(r, xax, 'k')

' plt.degend(loc="best’, prop={"size":12})
Plt.xlabel('r')

L RS R

The eigenfunctions are plotted along with the eigenvalues.
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Figure 3,41
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B;/: (f) Ahe problem is to solve the radial wave function of
Hydrog
/g:’:”“ﬂ for a particle in central potential o o . Yerogen atom. The radiate .
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The energy eigen values can be determined analytically as
m . e ]‘ 1
Eul® _zn-‘{-urq-, " .~ Bag
In our present problem the constants are taken as A = 0.1, m = |, ITH:"‘ =02 ¢
these values the energy eigen values are given by TSRy,
- :
E == —
.
Therefore, energy eigen values are E;, = -2, E, = =05, £, = -p2»
= T}wﬁ.,

numerical values are quite close.

B Solving TISE by Numerov shooting method
Numerov method for TISE is simply reuse of the equation-3.35 with Proper Feplacee

terms. Modifying the calculation of equation-3.35 replacing terms as g(A, X) e 2=
N =1, th tor of TISE according s
i e propagator of TISE according to the Numerg, o

and r(x) «-0fori=1,32,.

can be wrtten as follows.
a b .

Wix) = FVE) ¥ gl fori=2.3 . N-1

. 58x% 2 8x* 2 1

where a = .2[1 + -ﬂ,;" ;;[V{.n-t} -E I]. b= -[I - % *;"?{I'{r,*:l ~E

8x* 2m

and d = ['l —Tz-—FfoI,}' E! o {349]

Ffere, m and E are the mass and energy of the paticle. The potential in Cartesian coond..
given by V(x). The constant 24 is the Plank’s constant. The increment of space di Sy '
is 8x. et
The numerical steps corresponding to the above mathematical steps are summerized

e

below algorithm.

- Get values of E, m, h, N
(8% « “N_X0 J';x
for | = 0% N
SIXy - Xy b i8x
; 'fouj — ¥y Ipff.t"] - V. lp'{xN) — ¥y

;‘I far [ = 2I 3- uig N -1
' 58x% 2
,* - 2[’1+—u—-;'§-'[wx,_,j-—£]J

.' 8?2
g 0 -[l-—-lfz—ﬁ[w;,,l;-m]

‘
k4. < [ -%?i%mm-s:}

- I'-*-.J' e ;-‘J"" ! vz b : : |
(%) « Ve H gy

e %
po Sl LAY S







e _—> energy eigen value
'ﬁ E' < array of discrete wavefunction
51 ==
N = len(Vi}!
Emx = max(Vi)
Emn = min(Vi)
i i N+1)]
psiln = [0 for i in rfmgu{ ‘ ' N
psifniﬂj, Pﬁilﬂl-‘i], psﬂﬂ[l‘ﬂ = psil, psil, psl

ity = 0 ‘ ‘
while abs(E‘mx—E}mn} > le-6 and 1MF < mxltr
E = G.B#(me+Emn} 4 trial energy value
psi = Psi(mhdx2, psiln, Vi,
# Node counting method
cent = 0
for i in range(l, N-2}):
if psifi] * psifi+1] < O
ent += 1
if ent > nodes:
Emx = E
elif ent < nodes:
Emn = E
else:
if psi[N-1] > psiN:
Emn = B
elif psi[N-1] < psiN:
Bmx = E
itr += 1
if itr < mxltr:
return E, psi
else:
return None, None

E) # Get wavefunction

The following TISE problems are solved using the Python functions ps() ©

numerovSchr( ) .

e



INEILIICE UL % st we— = g

(b) In this problem, the potential is a central potential in spherica] polar

the following form. Oong

V(r) = —J:;J b= I:rr3 k and b are constants.

we will soive the s-wave radial equation-3.46 only. The below Python
Py

Here,
by Numerov method.

the above equation numerically




v

Nu I
/ merical Solution of Boundary Value Problems J 1 5_ o |
*‘W«P *;lﬁ—nummvscﬁ“ 'ntP tPot02.py | l

‘Q'Sblvmﬁ Radial equation unde: central force field

aumerov3chr import numerovSchr |
' from §chrNorm import psiNorm |
 jmport matplotlib.pyplot as pit
from math import exp

: ﬁﬁf U{Pr' r):
"k b=pr
return 0.5#keres2+4 (1/3)4beres3

4 User defined parameters
bar, @ = 01,

\dr = 0,005

' mxitr = 100 # maximum number of iterations

|p¢1u psiN = 0, 0 # Psi(x_0), Psi(x_N)

k =1
‘RO, RN = [0, 0, 0, 0], [1.25, 1.5, 1.7, 1.9] # Left and right boundaries
| psi0, poiN = 0, 0

for nodes in range(4):
= int{ (RN[nodes] - RO[nodes])/dr )
= (RN|nodes] -~ RO[nodes|)/N
: mhdxﬂ = 2emedre*2/hbars«2
| = [ RO[nodes| + isdr for i in range(N+1)]
= [ V([1, 0.01], r[i]} for i in range(N+1) |

I psil = (-1)+snodesrle-4
f E, psi = numerovSchr(mhdx2, Vi, psi0, psil, psiN, nodes, moeltr)
if B |I= None:

psi = psiNorm(psi, dr)

#4 Plotting
plit.plot(r, psi, label=r'E= %.4f $\psi_ %d(x)s" %(E, nodes))

‘xax = [0 for i in range(N+1)]

Plt plot(r, xax, "k’)

Cplt.plot(r, Vi, 'k-’, label='Potential’)
Lplt Jlegend(loc="best’, prop={'size’12})
 pltxlabel('r’)

{Plt.lhuw(]

— o — s .
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(c) Another s-wav

howe obtained from above code 4y, de
e

Plots of EiE{'—ﬂ functions and cigen values 1
in below figure. T
1.5 - L
1.0 N
0.5 - N
‘.“‘ -
0.0+ = .
_ﬂ'ﬁ i —_— Lafy 1%n |
i
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wees Potential 07 |
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r
Figure 3.44

e radial Schrodinger equation to be soved for a particle in the o,
!

given by
Vir) = Dl -]

TISE is solved numerically by t
of the constants for the present pro

he following Python code for the above potential. Th, .
blem are takenasm =1, A =01, D =1, a=3 s,

Radial equation under central force field
#
t!’.mm numerovSchr import
" from SchrNorm import psiNorm
_import matplotlib.pyplot as plt
from math import exp
4 potential, D, al = 1, 3
' def V(pr, 1)
o D, al = pr
| return D#( exp(-2+aler) — exp(-aler) )
jihl:uu'.. m = 0.1, 1 # constants
| dr = 0.005
]'n;lxltt = 100 # maximum number of iterations
pei0, psiN = 0, 0 # Psi(x_0), Psi(x_N)
"RO, RN = [0, 0, 0], [1.8, 3.5, 6.5] # Left and right boundaries

numerovSchr

psi0, psiN = 0, 0 # boundary values
or nodes in ravge(3):

— e —— =

1



i ———— i ——

Numerical ??.',“EE',‘ q_f_ Boundary Value Problems j 15_9_

RN|[nodes] — RO[nodes])/dr )

=
,':. ﬂ ’:: (Rﬂlnodﬂ] - Hﬂ[nﬂdﬁ]}fﬂ
- dr dres+2/hbars+2 7 constant

3 = 2+m*
- P77 Rofpodes] + iedr for
i :ri ~ [ V(i 3], rfi]) for i 1n

4 # value of eigenfunction just aft

psil = (_nnnndeule—
E psi = numﬂDVSChr(mhde,_ Vi, pei0, psil, psiN, nodes, mxItr)

. pd -
44 Plotting

& plt.plut{r. psi, label=r'E= % 4f S\psi_%d(r)$’ %(E, aodés))
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o ns along with the eigenvalues are plotted in the following figure.
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